Abstract. The purpose of this paper is to derive modeling equations for debris flows on real terrain. Thus, we use curvilinear coordinates adapted to the topography as introduced, e.g., by Bouchut and Westdickenberg [F. Bouchut and M. Westdickenberg, Commun. Math. Sci., 2(3), 2004], and develop depth-averaged models of gravity-driven saturated mixtures of solid grains and pore fluid on an arbitrary rigid basal surface. First, by only specifying the interaction force and ordering approximations in terms of an aspect ratio between a typical length perpendicular to the topography, and a typical length parallel to the topography, we derive the governing equations for the shallow flow of a binary mixture, driven by gravitational force. In doing so, the non-uniformity through the avalanche depth of the constituent velocities and of the solid volume fraction is accounted for by coefficients of Boussinesq type. Then, the material behaviour peculiarities of both constituents properly enter the theory. One constituent is a granular solid. For its stresses we propose three models, one of them of Mohr-Coulomb type. The other constituent is a Newtonian/non-Newtonian fluid with small viscosity, obeying a viscous bottom friction condition. The final governing equations for the shallow flow of the mixture, incorporating the constitutive assumptions, are deduced, and the limiting equilibrium is then investigated.
Introduction
Geophysical flows across three-dimensional terrain include debris flows, which are collections of geological materials (e.g., sand, rocks) mixed with water, transporting trees, cars, pieces of destroyed houses, etc. The damages that debris flows produce are huge, hence the considerable interest in their prediction and evolution once initiated.
Three processes characterize a debris flow: initiation, movement and deposition. Due to their complexity, to this date there is no theoretical approach which could account for all these processes. This paper refers to the movement of the avalanching body, more specifically, to the derivation of the equations describing the motion of a shallow mass of debris on arbitrary rigid topography. For an extensive literature on modeling equations of avalanching flows the reader may consult Pudasaini and Hutter [22] and Harbitz [6] . Here we restrict the introductory survey to works closely related to the topic of the paper.
The efforts in deducing modeling equations for the flowing material layer concentrate on (i) the rheology of the avalanching mass and, more recently, on (ii) the account of the influences due to the geometry of the basal surface. Related to (i), as a real progress in comparison to earlier works, we mention the depth-integrated granular model of Mohr-Coulomb type developed by Savage and Hutter [24] . Very close to this proposal are the models by Iverson [8] , McDougall and Hungr [14] , [15] . To (ii) we refer in more detail, since the main contribution of the present paper is the description of the moving mass on arbitrary topography. Thus, related to (ii), we mention Pudasaini et al. [19] - [21] for designing an orthogonal coordinate system suitable for a channel-type form of the bed surface, and Iverson and Denlinger [9] , Pitman and Le [18] and Pelanti, Bouchut and Mangeney [17] for depth-averaged equations corresponding to topographic terrains with small slope variations.
However, the first general formulation of the modeling equations in coordinates following the real topography is due to Bouchut and Westdickenberg [1] . Unlike many works devoted to avalanche modeling, within this approach the avalanche depth is measured along the normal direction to the bed surface, and not along the vertical direction, which would distort the shallowness assumption in steep topographies. However, the rheological properties are so weak that the flowing material is an inviscid fluid, which is not a model that can describe, e.g., a deposition process. Independently, De Toni and Scotton [4] used essentially the same coordinate system as did Bouchut and Westdickenberg [1] to derive modeling equations for an avalanche mass of SavageHutter type, but they measured the avalanche depth vertically. By using the powerful matrix decomposition of field quantities and relations, as introduced in Bouchut and Westdickenberg [1] , Luca, Tai and Kuo [10] reconsidered the formulation of modeling equations for the avalanche mass (inviscid fluid and Newtonian fluid) with the aid of the depth-averaging procedure. The approach could be easily extended in Luca et al. [11] to account for any rheologic behaviour, and to derive a hierarchy of depthintegrated avalanche models in terms of the scaling of the stress components; besides, a topography-adjusted version of the Savage-Hutter model fitting into this hierarchy has been proposed. We also mention Bouchut et al. [2] and Tai and Kuo [28] for including the erosion/deposition process into a framework which uses the topography following coordinates of Bouchut and Westdickenberg [1] .
Most of the references cited above concern single-phase dry granular avalanches, which are clearly a rough approximation when dealing with debris flows. More realistic descriptions of these flows, that is as solid-fluid mixtures, are given by Iverson [8] , Iverson and Denlinger [9] , Pudasaini, Hutter and Wang [20] , Pitman and Le [18] , and recently by Pelanti, Bouchut and Mangeney [17] . Iverson [8] and Iverson and Denlinger [9] use the mass balance and momentum balance of the (saturated) mixture as a whole, with the fluid velocity estimated as being equal to the solid velocity, and constant solid volume fraction. The paper by Pudasaini, Hutter and Wang [20] is developed in the same spirit. On the other hand, Pitman and Le [18] derived model equations for a binary mixture, in which each constituent moves according to its own mass balance and momentum balance equations. As a consequence, the interaction force between constituents (the effect of which is annihilated in the models of Iverson type by adding the momentum balance equations of both constituents) plays an important role in the derivation of the constituent pressures. A slightly but substantially different version of Pitman and Le [18] is proposed in Pelanti, Bouchut and Mangenay [17] , where, unlike Pitman and Le [18] (who depth-average the momentum balance equation corresponding to the fluid constituent after dividing by the fluid volume fraction), the momentum balance equation corresponding to the fluid constituent is depth-averaged in its original form, which is more reasonable if the analogy with the turbulence theory is invoked.
The approaches dealing with mixture models are restricted to topography with small slope variations of the bed surface. It is the purpose of the present paper to deal with a mixture on arbitrary topography. Thus, we extend the considerations in Luca et al. [11] to a two-phase flow. One constituent is a Newtonian/non-Newtonian fluid with small viscosity (so small that the stresses in the bulk fluid approximately reduce to the pore pressure), and experiencing bottom viscous friction. The other constituent is a granular material experiencing bottom Coulomb friction, and of which the stresses in the bulk material are given by (1) a spherical tensor, (2) a topographyadapted version of the Iverson-Denlinger model [9] , or (3) the topography-adapted version of the Savage-Hutter model as introduced in Luca et al. [11] . Thus, three mathematical models for debris flows are developed. The interaction force, different from that in Pitman and Le [18] , is carried over from Schneider and Hutter [25] , where it is thermodynamically justified, but here it is postulated in an ad-hoc manner. An interesting consequence of this assumption is that both constituent pressures are essentially given by the same formulas as for the single-phase material in Luca et al. [11] .
The content of the paper is structured as follows. Section 2 briefly introduces the geometric properties of the basal surface and the topography-based curvilinear coordinates as in Bouchut and Westdickenberg [1] . Section 3 formulates the intrinsic model equations for a binary saturated mixture, in a region which is bounded below by the topographic surface and above by the free surface, which, as in Pitman and Le [18] , is considered a material surface for each constituent. A formal introduction of the constituent pressures is given. Later, these pressures are identified as the pore fluid pressure and the solid stress component acting perpendicular to a surface element parallel to the bed surface. Section 4 derives the non-dimensional model equations in the curvilinear coordinates described in section 2. In section 5 the depthaveraged mass and tangential momentum balance equations corresponding to each constituent are deduced, and the basic equations which are next dealt with are clearly stated. Section 6 introduces the scaling approximations due to the shallowness of the flowing material layer. The non-uniformity along the avalanche depth of the tangential velocities and solid volume fraction are accounted for by coefficients of Boussinesq type. In section 7 the interaction force is postulated, and the emerging modeling equations, deduced in the Appendix without specifying the rheological properties of the constituents, are presented. Section 8 specifies the material peculiarities. Thus, three depth-integrated avalanche models for debris flows are proposed. In section 9 we take up the problem of finding the conditions satisfied by the solid volume fraction and avalanche depth when the avalanche mass reaches the equilibrium. Finally, section 10 is devoted to conclusions. Numerical investigations based on the derived model equations are left for future work.
In this paper we use the following notations. The 2 × 2 matrices are denoted by capital upright boldface letters, e.g., A, and the 2-column matrices are denoted by small upright boldface letters, e.g., a. A similar notation, but with slanted letters, is used for vectors and tensors, e.g., a, A. The dyadic product of two column matrices a and b is a ⊗ b ≡ ab T , where the superscript T stands for the transpose of a matrix; the symbol ⊗ also denotes the tensor product of two vectors. The inner product of the 2-column matrices a and b is a · b ≡ tr(ab T ), where tr denotes the trace operator, and the inner product of the squared matrices A, B is defined as A · B ≡ tr(AB T ). Finally, the Greek indices have the values 1, 2, the Latin indices range from 1 to 3, and summation over repeated indices is understood.
Curvilinear coordinates adapted to the topography
In this section we shall briefly present the curvilinear coordinates introduced by Bouchut and Westdickenberg [1] , see also De Toni and Scotton [4] , as a tool to derive modeling equations for the avalanche mass flowing on arbitrary topography. In doing so we follow the exposure from Luca et al. [11] .
Thus, we suppose the mathematical model of the basal topography to be a regular surface S in the three-dimensional Euclidean point space E, of which the translation vector space is denoted by V. Assume that, with respect to an orthogonal Cartesian coordinate system Ox 1 x 2 x 3 , in which Ox 3 is (physically) the vertical direction, S has the representation
which is considered of class C
2 on some open subset ∆ 0 of Ê 2 , and such that the determinant of the matrix
is positive (det F>0). Then, if ρ ∈ V is the position vector of a point on S, the vectors
define the natural basis of the tangent space to S at that point; moreover, a unit normal vector field to S is
where × stands for the cross product of two vectors in V, and represents the Euclidean norm of a vector in V. We choose n so as to point into the avalanche body. We denote by −s 1 ,−s 2 and c (c > 0) the components of n with respect to the Cartesian basis of V associated to Ox 1 x 2 x 3 , collect s 1 , s 2 in the 2-column matrix
and note that
where grad is the gradient operator with respect to the Cartesian coordinates x 1 , x 2 . Then, the coefficients of the first fundamental form of S are φ αβ ≡ τ α · τ β , and
holds, where I is the 2 × 2 unit matrix. By the representation
with {τ 1 ,τ 2 } the reciprocal basis of {τ 1 ,τ 2 }, one defines the coefficients b αβ of the second fundamental form of S, and the entries W α β of the Weingarten matrix. Note the relation
Finally, the curvature tensor H and the mean curvature Ω of the surface at a given point on S are defined by
Now, if r is the position vector of a point P ∈ E lying above the basal surface, the relation
defines a change of coordinates in a neighborhood of S, on condition that the Jacobian J of the transformation (2.3) is non-zero. Since J is given by
the condition J = 0 is equivalent to
which we assume to be valid in the domain occupied by the avalanche mass, and which exactly defines what is meant by "arbitrary" topography in this paper and in related works, e.g., Bouchut and Westdickenberg [1] , Luca et al. [10] , [11] . The vectors
where δ α β is the Kronecker symbol, define the natural basis of V at the point P . Clearly, g 1 , g 2 are parallel to S, and g 3 is normal to S. Thus, in the representation of a vector w ∈ V with respect to this basis we can identify a tangential component w τ and a normal component w n , that is,
We close this section by introducing the notation 8) and mentioning that
The matrix M enters the approach via the metric tensor corresponding to the transformation (2.3), see Bouchut and Westdickenberg [1] . That is, with g ij ≡ g i · g j , we have
Model equations
We model the avalanche body by a binary mixture consisting of a solid and a fluid. In doing so, we adopt Truesdell's mixture theory, see Truesdell [30] . In particular, it is therefore assumed that each constituent is a continuum in its own right, and that the configurations of the two continua are superposed at each moment. So, the phase separation is not accounted for. To identify the quantities referring to the two constituents we use the indices s (solid) and f (fluid). Thus, ρ s and ρ f denote the partial densities (mass of a constituent per volume of the mixture), while σ s and σ f are the constituent stress tensors. However, instead of v s , v f for the constituent velocities, we use v and u, respectively. Then, assuming that no mass interactions are present, for the solid constituent the mass and momentum balance equations in an inertial reference frame can be written as
where b is the specific body force, + m is the interaction force, and div is the spatial divergence operator. Similarly, for the fluid constituent we have
Taking the opposite of + m as interaction force in (3.2), Truesdell's third metaphysical principle (i.e., the mixture as a whole must be described by the same laws which apply for a single body) is fulfilled.
We assume that the constituents are density preserving, that is the true densities ρ s ,ρ f (mass of a constituent per volume of that constituent) are constant in time and uniform in space. Moreover, we suppose that there is no void space within the mixture, that is
where ν s , ν f are the constituent volume fractions (constituent volume per mixture volume). We have
or, simplifying the notation with the aid of ν ≡ ν s ,
and
respectively. Note that ν ∈(0,1), as the constituents are assumed to simultaneously occupy the same region in E. Equations (3.4), (3.5) hold in the domain occupied by the avalanche mass, which is bounded below by the bed surface and above by the free surface. However, the free surface is unknown, and hence, e.g., an evolution equation for it is needed. Here we consider that the free surface
is material for each constituent, which yields the so-called kinematic boundary conditions
where ∇ is the spatial gradient operator. Relations (3.7) are equivalent to
which shows, in particular, that the projections of the velocities v, u (evaluated on the free surface) onto the normal direction to the free surface are required to be equal. This condition is approximately satisfied if v − u ≈ 0 , but for "large" v − u it is less realistic, as Pitman and Le [18] (who also used (3.7)) noticed. However, the account of (3.7) brings considerable simplifications in the averaging procedure, see the forthcoming Proposition 5.1. On the other hand, since each constituent of the mixture is assumed to be a continuum body in its own right, the free surface corresponding to each constituent has to be a material surface, see Truesdell and Toupin [29] , p. 509; with a common free surface for both constituents we then obviously have (3.7). Now, equations (3.4), (3.5) are complemented by boundary conditions at the bottom topography and at the free surface, as follows. The velocity of each constituent is supposed to be tangent to the basal topography,
which expresses the so-called non-penetration condition, and both solid and fluid stresses normal to the free surface are taken to be zero, that is,
where n F denotes a unit normal vector field to the surface F = 0. It is worthwhile to mention that, in avalanche modeling the free surface is usually assumed traction-free, which, for the case presented here, means
However, as shown in Luca, Tai, Kuo [10] for the one-component avalanche mass, conditions (3.10) could lead to an overdetermined system of equations. Later on, in section 6, we merely assume that the stresses on the free surface are negligibly small, see (6.5) below.
The unknown fields in (3.4)-(3.9) are ν, v, u, F , σ s , σ f , + m, and since there are 10 scalar equations, viz. (3.4), (3.5), (3.7), we need closure relations in terms of 10
To this end we first collect these components in block matrix form, as follows:
In the above, P s and P f are 2×2 matrices, and p s , p f are 2-column matrices. Then, we introduce the (two-dimensional) Grad and Div operators by
where f , w ≡ (w 1 ,w 2 ) T and P ≡ (P αβ ) α,β∈{1,2} are smooth fields on ∆ 0 . Finally, assuming that ξ 1 ,ξ 2 are length dimensional coordinates, and that the free surface equation (3.6) emerges as ξ = h(ξ,t) under transformation (2.3), we switch to non-dimensional variables according to the scalings
where L is a typical length tangent to the topography, and g is the constant gravitational acceleration. Then, the non-dimensional form of equations and boundary conditions (3.4)-(3.9) in the curvilinear coordinates defined in section 2 can be simply carried over from Luca et al. [10] , see Proposition 3 therein, with only minor modifications 1 . Thus, omitting the hat and using the notations
where p, w are scalars, p, w are 2-column matrices, P is a 2×2 matrix, and
T , as well as
we deduce the follwoing statements.
Proposition 4.1. In the curvilinear coordinates (2.3) and in non-dimensional form, the balance equations (3.4) corresponding to the solid constituent emerge as
while the balance equations (3.5) corresponding to the fluid constituent turn into
Moreover, the kinematic boundary conditions (3.7) appear as and the dynamic conditions (3.9) become
Equations (4.8), (4.11) are referred to as tangential momentum balance equations, and (4.9), (4.12) are called normal momentum balance equations. The Γ,Γ terms appear as source terms in (4.8), (4.9), (4.11), (4.12), due to the Christoffel symbols corresponding to the change of coordinates. In the next section we outline the way by which we exploit the equations and boundary conditions given in Proposition 4.1.
Depth-averaging procedure
Now we explain the depth-integration procedure, which we use to derive the final modeling equations. First, the mass balance equations (4.7), (4.10) and the tangential momentum balance equations (4.8), (4.11) are integrated with respect to the normal variable ξ from 0 to h(ξ,t). So, by using the Leibniz rules
that hold for a 2-column matrix w(ξ,ξ,t) and for a square matrix P(ξ,ξ,t) of order 2, as well as the boundary conditions (4.14), (4.13), we deduce the following.
Proposition 5.1. For the solid constituent, the depth-integrated mass balance and tangential momentum balance equations are given by
Similarly, for the fluid constituent we have
Then we note that, assuming that the mass balance equation (4.7) and boundary condition (4.14) 1 hold, the kinematic boundary condition (4.13) 1 is equivalent to the depth-integrated mass balance equation (5.1). A similar statement is valid for the fluid constituent. Consequently, the system of equations and boundary conditions (4.7)-(4.15) is equivalent to (4.7)-(4.12), (5.1), (5.3), (4.14), (4.15). Next, instead of one of the equivalent systems mentioned above, we use the system consisting of (4.7), (5.2), (4.9), (4.10), (5.4), (4.12), (5.1), (5.3), (4.14), (4.15), (5.5) which is a consequence of (4.7)-(4.15). The idea is to use (5.5) under some ordering approximations to deduce a set of equations involving only the depth-average of the field quantities entering equations (5.5), as we subsequently describe. Thus, by using the mass balance equations (4.7), (4.10) and the boundary conditions (4.14), one deduces the normal velocities v, u as
which will be substituted into (5.2), (4.9), (5.4), (4.12). Then, by using the closure relation for the interaction force + m and scaling approximations, from (4.9), (4.12) and (4.15) we obtain the constituent pressures p s , p f , the expressions of which are next introduced into (5.2), (5.4). Finally, the depth-integrated equations (5.1)-(5.4) are transformed into equations for the depth-averaged solid volume fraction, the depthaveraged tangential velocities, and for the avalanche depth, by closing them with constitutive relations and flow rules that account for the shallowness of the flowing material layer.
The benefit of the averaging procedure, which has already been used, e.g, in Savage and Hutter [24] , Luca et al. [10] , [11] , Tai and Kuo [28] for the one-component avalanche mass, and in Pitman and Le [18] , Pelanti, Bouchut and Mangenay [17] for a solid-fluid mixture, is that the normal variable ξ is eliminated.
Ordering approximations
We exploit the equations and boundary conditions (5.5) under some scaling approximations, by which physically non-significant contributions of the field variables are neglected. In order to express these approximations we use an aspect ratio ǫ≪1 between a typical thickness normal to the topography and a typical length-scale L tangent to the topography, and a constant γ ∈ (0,1). We suppose that the same L is considered to define the non-dimensional quantities in (4.1). For concreteness, we mention that for snow and debris avalanches we usually have ǫ ≈ 10 −2 and γ ≈ 1 2 , see Pudasaini and Hutter [22] , p.188. We also make use of the definition
for the mean value (along the depth) or depth-average of a quantity f . Thus, we introduce the following approximations, which we shall later comment upon. a) Geometric approximations: the material layer is thin, i.e., h = O(ǫ). b) Flow rule approximations: the velocities v, u are such that v = O(1), u = O(1), and assumptions of Boussinesq type hold, viz., [11] . c) Configurational-flow rule approximations: the solid volume fraction ν and the tangential velocities v, u have the properties
where the scalar coefficients n s 1 to n f 2 are functions of ξ,t of order O(1). d) Dynamic stress approximations: corresponding to the motion of the avalanche mass, the stress tensors σ s and σ f satisfy the conditions
Moreover, on the free surface ξ = h(ξ,t) we assume
We now address assumptions a-d. Thus, by assumption a we consider that the flowing avalanche mass is shallow. In particular, it implies that ξ = O(ǫ) for ξ ∈ [0,h], which will be used next.
By assumption b, the tangential velocities of both constituents are significant, while the normal velocities v, u are of order O(ǫ), which can be seen from (5.6) by ac-
Moreover, postulating (6.1) and similar relations for the fluid constituent, as well as (6.2), tangent velocity profiles v, u that slightly deviate from "plug-flow" profiles are envisaged. We explain this by referring to the solid constituent. Thus, inserting v = v(ξ,t), which defines a "plug-flow", into the left-hand side of the first three relations in (6.1), we deduce that these relations are satisfied with m s 1 = m s 2 = m s 3 = 1 and no negligible terms. In view of (5.6), the last assumption in (6.1) actually refers to ν and v. To see that it is also satisfied by a "plug-flow" of the solid constituent, the volume fraction of which satisfies (6.2), we have first to use
and hence
Consequently, noting that v = v, the last relation in (6.1) is satisfied by a "plug-flow" in which (6.2) holds, with the Boussinesq coefficient β s given by [11] , and are shown to belong to [1, 2) ; the coefficient β s can be determined as in deducing (6.7).
Assumption c is suggested by the experimental data recorded in Egashira, Itoh and Takeuchi [5] , which show that the solid volume fraction decreases almost linearly along the avalanche depth, except near the free surface, where it abruptly goes to zero. As a simplified first approach, we suppose that the solid volume fraction at (ξ,ξ,t) is only slightly different from its depth-averaged value at (ξ,t), see (6.2) . Moreover, postulating (6.3), a linear (in ξ) profile of ν is envisaged. That is, if ν is given by the linear profile
and the Boussinesq relations (6.1) 1−−3 are taken into account, then (6.3) are satisfied with 
at ξ = h(ξ,t). These and (6.5) represent nothing more than the assumption that the stress vectors σ s,f n F on the free surface are negligibly small, see Luca et al. [11] .
In the next section, conditions a-d, complemented by the closure relation for the interaction force 7. Quasi-general model for a shallow binary mixture It is worthwhile to mention that until now the indices s and f have only been formally used, since the solid-fluid attribute of the mixture has not yet entered the theory. In this section we still keep this generality. However, we specify the interaction force + m. Various relations proposed for the interaction force can be found in Massoudi [12] . We also mention Pitman and Le [18] , with the law
where c D is the drag coefficient. Here we take, in a simplified form, the expression of + m deduced in Schneider and Hutter [25] , see Chapter 8 therein, as a consequence of the entropy inequality within a thermodynamic analysis conducted with specific constitutive assumptions, different from those considered in this paper. It is then clear that (7.1) below is an ad-hoc assumption. However, it has the advantage that it accounts for the influences of both constituent pressures on the interaction force. Besides, an interesting result of this assumption is that, by exploiting the normal momentum balance equations, the constituent pressures are shown to be given by the same formulae as for the one-component avalanche mass, see Luca et al. [11] .
Thus, introducing the true pressuresp s ,p f according to
we assume 2) and the drag coefficient c D is assumed to be constant. In non-dimensional form, (7.1) appears as, see (4.1),
3)
where the non-dimensional drag coefficient above is related to the dimensional drag coefficient in (7.1) by
Moreover, in the curvilinear coordinates considered in section 2, (7.3) emerges as
We assume that the non-dimensional drag coefficient in (7.4) is c D = O(1) 2 . The exploitation of equations (5.5), under assumptions a-d, (6.10), (7.4), leads to the results stated in the next proposition, the proof of which is relegated to the Appendix. 2 In Hydraulics the drag force is defined as the total force acting by a fluid on a submerged rigid body, when the fluid and the rigid body are in relative rectilinear motion. This force is non-dimensionalised as cw ≡ drag force /((1/2)ρ f u 2 A), where u is the relative velocity, and A is a typical area of the submerged body. Values of the so-called drag coefficient cw are listed for various bodies, e.g., in Roberson and Crowe [23] : cw ∈ (0.85, 2. 
where a s ≡ Hv · v, a f ≡ Hu · u. Moreover, the depth-integrated mass and tangential momentum balance equations corresponding to the solid constituent emerge as
whereã s ≡ Hv · Wv. Similarly, the depth-integrated mass and tangential momentum balance equations corresponding to the fluid constituent turn into
whereã f ≡ Hu · Wu.
In (7.7), (7.9) the mean pressures p s , p f are understood to be given by the nonneglected parts in (7.5) . It is worthwhile to note that the formulae (A.6) (see Appendix) for the true pressures of both constituents coincide with the formula for the pressure in the one-component theory, see Luca et al. [11] . This result is essentially due to assumption (7.3) on the interaction force plus the ordering approximations a-d.
We refer to (7.5)-(7.9) as the shallow avalanche equations corresponding to a two-component mixture, for which the non-dimensional interaction force + m is (7.3). Complemented by closure relations for the extra stresses of both constituents, these equations are meant to stand for the determination of ν, v, u, h.
Multiplication of (7.7) from the left by F gives the equation 10) which is equivalent to (7.7), since detF = 0, and somewhat of lower complexity than that of (7.7). A similar equation can be deduced for the fluid constituent from (7.9), namely
For simplicity of writing, in the remainder of the paper we shall refer to (7.10) and (7.11) and not to (7.7), (7.9). The mean pressures (7.5) and equations (7.6), (7.10), (7.8) and (7.11) significantly simplify if the bottom topography is slightly curved, as shown in the next proposition. So, we have
, then the mean pressures of the mixture constituents are given by
the depth-integrated mass and tangential momentum balance equations corresponding to the solid constituent emerge as 14) and the depth-integrated mass and tangential momentum balance equations corresponding to the fluid constituent turn into
8. Particular models for a shallow solid-fluid mixture In this section we "close" the balance equations (7.6), (7.10), (7.8) and (7.11) by specifying the extra-stresses
We present three avalanche models of binary mixtures on arbitrary topography, by combining one fluid constitutive behaviour with three different solid constitutive behaviours.
Consider first the interstitial incompressible fluid. For this we assume the (nondimensional) Newtonian/non-Newtonian law
with p f -the pore fluid pressure, 1 -the unit tensor, D -the stretching tensor corresponding to the fluid constituent,
and η -the dynamic viscosity. We note that, according to the scalings (4.1), a fluid with non-dimensional dynamic viscosity of order O(ǫ 2+γ ) is a realistic model, see Luca et al. [11] . We identify p f , σ E f in (3.11) with p f and 2η(γ)D, respectively, from (8.1). Moreover, we suppose that at the bottom topography there is friction, modeled by the (dimensional) viscous law σ f n − (σ f n · n)n = ρ fc u u at ξ = 0, with (non-dimensional) constant friction coefficientc. In non-dimensional form this law emerges as
Since now
(see the contravariant components of the stretching tensor with respect to the basis {g 1 ,g 2 ,g 3 } in Luca et al. [10] or [11] and use (8.1)), the dynamic approximations (6.4) referring to P f , p f , T 33 f are fulfilled, conditions (6.5) 2 , (6.9) 2 at the free surface make sense, and the only non-negligible stress term in (7.11) is p f | ξ=0 . This term is inferred from the boundary condition (8.2). Indeed, in curvilinear coordinates (2.3) this condition emerges as
Since p f = O(ǫ 1+γ ) in the bulk fluid, we requirec = O(ǫ 1+γ ), so as to have p f | ξ=0 as
given by (8.3) of order O(ǫ 1+γ ). Then, in order to relate the basal shear stress (8.3) to ν and u, we note that ν 0 = ν + O(ǫ), see (6.2), and assume
Generally, the sliding parameter χ f must be prescribed. For the power law velocity profile
and for a constant viscosity η, following Luca, Tai and Kuo [10] it can be shown that, equating p f | ξ=0 as given by the constitutive law (in which the power law velocity profile is accounted for) and p f | ξ=0 as given by the friction law, see (8.3), one obtains
which clearly shows that the sliding coefficient depends on η,c, and hence χ f is a parameter which depends, in particular, on the rheology of the fluid and on the friction properties at the bed surface.
Thus, postulating the Newtonian law (8.1) with η = O(ǫ 2+γ ), and the viscous friction law (8.2) withc = O(ǫ
see also (7.16). Now we refer to the solid constituent, for which we identify the pressure p s in decomposition (3.11) as p s ≡ −σ s n·n, so that T 
where for a 2-column x the multivalued function sgnx is defined as
. In particular, (8.6) shows that p s | ξ=0 = O(ǫ 1+γ ). We assume that p s in the bulk fluid is of the same order of magnitude as on the bottom surface, that is,
As a consequence, in (7.10) the term 2J 0 hWp s is negligibly small. Moreover, with p s = O(ǫ 1+γ ) and T 33 s = 0, we have
see (A.7) and the derivation of (A.6). So, taking ξ = 0 in the expression above, we derive
This result and the assumption
turn the boundary condition (8.6) into
which needs to be used in (7.10) to express the basal shear stress p s | ξ=0 . The sliding coefficient χ s does not appear in the friction law (8.7). It only remains to specify the mean extra stresses P s . To this end, recalling the assumption P s = O(ǫ), we shall specify σ s when evaluated up to terms of order O(ǫ 1+γ ). More specifically, we have 
and approximation g α = τ α + O(ǫ), see (2.7), we have
This yields
is an eigenvalue of σ ⋆ s , and n is an eigenvector corresponding to this eigenvalue. As a symmetric tensor, σ ⋆ s is then completely determined if the other two eigenvalues and principal directions (mutually orthogonal and perpendicular to n) are specified. We shall give them in terms of the eigenvalues and eigenvectors of the mean surface stretching corresponding to the solid constituent, that is of
where, if w is a vector in the tangent space to the surface S, w = w α τ α , then
with {τ 1 ,τ 2 } the reciprocal basis of {τ 1 ,τ 2 }, and
The surface gradient ∇ S w is an endomorphism of the tangent space to S at ξ. So, let λ 1 , λ 2 be the eigenvalues of the mean surface stretching, and let f 1 , f 2 be corresponding (for the moment arbitrary) orthonormal eigenvectors 3 . We shall propose three models for σ ⋆ s . Common to these models is the assumption that, if λ 1 = λ 2 (in which case, there are two principal directions of D S v τ uniquely defined), two principal directions of σ ⋆ s , parallel to the topography, coincide with the principal directions of the mean surface stretching. Three different assumptions on the corresponding eigenvalues will differentiate three models of solid constituents. The case λ 1 = λ 2 will be discussed separately for each model.
Before proceeding to state the models, we show how P s can be deduced from our assumptions. Thus, we denote by C≡(C α β ) the change of basis matrix from {τ 1 ,τ 2 } to the basis {f 1 ,f 2 } of the tangent space to S, i.e.,
, and mention that 
which combined with (8.8) 3 gives
Our assumptions on σ ⋆ s will immediately give (σ αβ ), and hence P s can be deduced from relation (8.10). Finally, note that (8.10) holds, in fact, for any orthonormal vectors f 1 , f 2 in the tangent space to S, and not necessarily for eigenvectors of D S v τ . 3 The matrix (D α β ) in the representation D S vτ = D α β τα ⊗ τ β is needed to obtain the eigenvalues and eigenvectors of D S vτ, and it has been deduced in Luca et al. [11] .
Model 1 of the solid constituent
If λ 1 = λ 2 , we suppose that the eigenvectors f 1 , f 2 of D S v τ are eigenvectors of σ ⋆ s corresponding to the eigenvalue −p s , that is,
We also assume that σ ⋆ s = −p s 1 holds if λ 1 = λ 2 , and thus, up to terms of order O(ǫ 1+γ ), the granular material is modeled as an inviscid fluid. The stressesσ αβ are then given by the diagonal matrix (σ αβ ) = −p s I, and from (8.10) and (8.9) we deduce that P s = 0. Therefore, the tangential momentum balance equation (7.10) corresponding to the solid constituent emerges as
For a bed surface with curvature H = O(ǫ γ ), equation (8.12) reduces to
where p s is given by (7.12) 1 . If, moreover, H = O(ǫ), the term m s 2 a s in the expression of the basal shear stress can also be neglected. However, the influence of the curvature of the basal surface in (8.13) is still present, via a s entering the coefficient of s. In both equations (8.4) and (8.12) , the extra stresses are present only as basal shear stresses, modeled by a viscous friction law for the fluid, and by a Coulomb friction law for the solid. That is, the rheology of the mixture components is so weak that it manifests
In the above, the constant ϕ is the internal angle of friction, ϕ > δ, and the minus sign corresponds to k 
Therefore, apart from the negligible terms, (8.14) emerges as
Now, since f α ⊗ f α = 1 − n ⊗ n, it is clear that (8.17) makes also sense for the case λ 1 = λ 2 , and that in (8.17) we can take any two orthonormal vectors f 1 , f 2 in the tangent space to S. Thus, for Model 2 of the solid constituent we take (8.17), in which f 1 , f 2 are arbitrary orthonormal vectors tangent to S 4 . Since (8.17) implies (σ αβ ) = −k p s I, relations (8.10) and (8.9) yield
This expression of P s is inserted into the tangential momentum balance equation (7.10). If we also recall that the term containing p s is negligible, and that the basal shear stress is given by (8.7), we have
From (8.19) one can easily deduce the tangential momentum balance equation corresponding to a bottom surface with small curvature, see also (8.13). Model 2 is an adaption to the case of an arbitrary bed surface of the model due to Iverson and Denlinger [9] .
Model 3 of the solid constituent
Finally, we propose yet another closure relation for σ ⋆ s . Assuming λ 1 = λ 2 , we require the ordering of the vectors of the basis {f 1 ,f 2 } to be so as to have |w 1 | ≥ |w 2 |, where
with k 1 act/pass defined in (8.15) and
with the same sign rule as in (8.15 ) and the choice of k 1 act and k 1 pass as depending on whether λ 1 ≥ 0 or λ 1 < 0, respectively. Like for Model 2, the earth pressure coefficients k 1 , k 2 can be approximated as
and hence, apart from the negligible terms, assumption (8.20) , stated for the case λ 1 = λ 2 , emerges as 
Since (8.21) implies that
from (8.10) we deduce that
which has to be inserted into the tangential momentum balance equation (7.10 ). This last model, essentially proposed in Luca et al. [11] , is a version adapted to arbitrary topography of the Savage-Hutter model [24] , and hence of Mohr-Coulomb type. Clearly, the bulk stresses in Models 2 and 3 of solid constituent depend on the internal angle of friction, but are independent of the basal friction angle.
We summarize the model equations of the binary mixture in the following (iii) the solid constituent be characterized by the bottom Coulomb friction given in (8.5) with tanδ = O(ǫ γ ), and for which the stresses in the bulk material are described by one of the models 1 to 3.
Then, the governing equations describing the motion of the avalanche mass on arbitrary topography are as follows: 1) Model 1 of binary mixture: (7.5), (7.6), (7.8) , (8.12) , (8.4 
);
2) Model 2 of binary mixture: (7.5), (7.6), (7.8) , (8.19) , (8.4 
3) Model 3 of binary mixture: (7.5), (7.6), (7.8), (7.10) (in which p s is negligibly small and the stresses (8.7), (8.22 ) are accounted for), (8.4) .
Before ending this section we mention that the approach here did not make necessary the introduction of the saturation pressure, which often enters a mixture theory due to the saturation constraint (3.3). The reason for this is that the interaction force + m given by (7.1) shows no explicit dependence on the saturation pressure, as, e.g., in Passman, Nunziato and Walsh [16] . The closure relations for both stress tensors σ s,f neither do depend explicitly on the saturation pressure. The same situation arises in Pitman and Le [18] . This is, however, different for some models in Schneider and Hutter [25] .
9. Limiting equilibrium Now we are interested in the analysis of the conditions satisfied by ν, h when the avalanche mass described in Proposition 8.1 is in equilibrium, that is, when
hold at any ξ, and for any t in some interval. However, we must draw attention to the fact that, when satisfying (9.1), the solutions ν , h of the model equations may have no physical reality. Indeed, usually a phase separation process initiates when the solid-fluid mixture reaches the rest state, or, in the approach developed here, it is assumed that each point of the avalanche body is occupied simultaneously by both constituent particles. Besides, the closure relations (8.17) and (8.21 ) are intended to describe the stress state in a rapidly flowing avalanche mass, and hence other closure relations may be necessary to describe the constitutive behaviour of the solidfluid mixture at rest. We merely expect the solutions ν, h, when satisfying (9.1), to approximate the real volume fraction and avalanche height for a very short time period after the moment when the avalanche stops to flow; in this sense we refer to (9.1) as describing a limiting equilibrium, see also the comments in Iverson and Denlinger [9] . But it remains for experiments and numerics to validate this conjecture. Here we only derive the equations satisfied by ν , h, under assumptions (9.1) and corresponding to Models 1 to 3. With respect to Models 2 and 3 we make the following remark. The earth pressure coefficientk is discontinuous at λ 1 + λ 2 = 0, andk 1 ,k 2 have also discontinuity points. Moreover, the values of these coefficients at the discontinuity points were, in general, arbitrarily assigned (e.g., we could have taken k = k 1 pass for λ 1 + λ 2 = 0), since the values of these coefficients were deduced for λ 1 = 0, λ 2 = 0, by combining the MohrCoulomb theory with the Rankine model of soil mechanics, see Hutter et al. [7] . In order to reduce the computational difficulties connected to these discontinuities, it is therefore not a bad idea to use regularizing functionsk,k 1 ,k 2 instead ofk,k 1 ,k 2 , respectively, as Tai and Gray [26] , and Tai, Hutter and Gray [27] have done for the earth pressure coefficients k 1 , k 2 . In doing so, the arbitrariness of the earth pressure coefficients at the discontinuity points is replaced by the arbitrariness of the choice of the regularizing functions. However, the values ofk,k 1 ,k 2 at λ 1 = λ 2 = 0 play an important role in the description of the limiting equilibrium, and hence they must be carefully selected. Indeed, at equilibrium D S v τ = 0 , and hence the stress tensor corresponding to Models 2 and 3 has the form
where k 0 is the value ofk ork 1 , respectively, at λ 1 = λ 2 = 0, and f 1 , f 2 are orthonormal vectors tangent to S. It is then clear that the study of the limiting equilibrium can give information on k 0 . We note that Iverson and Denlinger [9] assumed k 0 = 1 in their model. Thus, we understand that in Models 2 and 3 the earth pressure coefficients are regularized and exploit the depth-integrated mass and tangential momentum balance equations corresponding to the solid and fluid constituents under assumptions (9.1), accounting for (9.2). Taking k 0 = 1 in (9.2) we obtain the stress tensor corresponding to Model 1, and so the next calculations, conducted for arbitrary k 0 , envisage all three models.
To begin with, we note that under assumptions (9.1) the mean pressures p s , p f are given by
3) see (7.5) , and that the depth-averaged mass balance equations (7.6), (7.8) are identically satisfied. Then, having in view (9.1), (9.2), the depth-integrated momentum balance equation corresponding to the solid constituent can be deduced from (8.19) , in whichk is replaced by k 0 , as 4) and by using (9.1), the depth-integrated momentum balance equation (8.4) corresponding to the fluid constituent can be written as
We therefore have to exploit (9.4), (9.5) , in which (9.3) is accounted for. Thus, using the formulae
the last three of which have been deduced in Luca, Tai and Kuo [10] , after a routine calculation equations (9.4), (9.5) can be cast into the form
Moreover, insertion of the expression of FM 0 Gradh as deduced from (9.7) into (9.6) transforms the latter into
We recall that m in (9.8) is specified by the condition M −1 0 m · m ≤ 1, and hence (9.8) must be interpreted as the inequality implied by this condition.
Relations (9.7), (9.8) are those that have to be satisfied by ν and h at the limiting equilibrium. We note that equation (9.7) can be written in the form, see (2.1) and definition (2.2) of M 0 ,
For small curvature, H = O(ǫ γ ), we have grad c = O(ǫ γ ), and hence (9.9) emerges as
We close this analysis with the following remarks concerning (9.7) (or equivalently (9.9)) and (9.8).
1) If k 0 = 1, condition (9.8) is satisfied and there remains only equation (9.9) to restrict ν and h at equilibrium.
2) If Gradν = 0 and k 0 = 1, both (9.7), (9.8) are restrictions on h and hence no solution may exist for h. Thus we expect uniform distribution of ν at equilibrium only if k 0 = 1.
3) For very close values of the true densities of both constituents, in the sense that c 0 − 1 = O(ǫ γ ), see (4.6) (which is not generally true, e.g., in debris flows, but may be true, e.g., if two fluids are mixed, in which case Model 1 for the "solid" constituent is most likely appropriate), or for grad ν = 0, (9.9) turns into
This equation was also deduced in Luca, Tai and Kuo [10] for the single constituent avalanche body modeled as an inviscid or viscous fluid. In particular, for small curvature H = O(ǫ γ ) it emerges as
that is, the equilibrium free surface is horizontal.
4) For k 0 = 1 and negligible basal friction of the solid constituent, that is, tanδ = O(ǫ 1+γ ), condition (9.8) takes the form (9.10) which, noticing that
can be rewritten as
This can be used to transform (9.9) into
(9.12) Therefore, equations (9.11), (9.12) stand for the determination of ν and h for the case k 0 = 1 and negligible basal Coulomb friction. With H = O(ǫ γ ), they emerge as
which are still too complicated for finding an analytic solution.
The remarks above make obvious the fact that the case k 0 = 1 is the simplest case which can be considered when regularizing the earth pressure coefficients, but it is equally interesting to take k 0 = 1, e.g., k 0 = 2sec 2 ϕ − 1, see (8.16 ).
Conclusions
In this paper we presented a quasi-general model and three particular models of binary mixtures for shallow debris flows on arbitrary rigid terrain. In doing so, we followed Truesdell's mixture theory and the approach in Luca et al. [11] dealing with a one-constituent avalanche mass. In particular, we used curvilinear coordinates adapted to the topography as introduced by Bouchut and Westdickenberg [1] . A brief review of these coordinates is given in section 2. In section 3 the intrinsic basic equations and boundary conditions are formulated, however, the material laws are not yet specified, so that the terms "solid" and "fluid", which we use to refer to both constituents, are only formally used. In writing these equations the following assumptions are laid down:
• both constituents simultaneously occupy the same domain, bounded below by the basal surface and above by the free surface;
• no mass exchange occurs between constituents, and neither erosion nor deposition are considered;
• the constituents are density preserving;
• there are no voids in the mixture;
• the motion of each constituent is governed by the mass and momentum balance equations, in which the interaction force between constituents is accounted for;
• both constituents have zero normal velocity at the basal surface;
• the free surface is a material surface for each constituent;
• the stresses acting perpendicular to the free surface and corresponding to both constituents are zero.
In section 4, Proposition 4.1, the intrinsic governing equations are written in nondimensional form and in terms of the previously mentioned curvilinear coordinates. In section 5 the exact depth-integrated mass and tangential momentum balance equations corresponding to each constituent are deduced, see Proposition 5.1, and the depth-averaging procedure, followed in the subsequent sections, is described. Part of this procedure is the formulation of ordering approximations, and this issue is addressed in section 6. The approximations account for
• the shallow geometry of the avalanche body;
• significant values of the tangential velocities of both constituents;
• deviations both of the tangential velocity from a "plug-flow" profile and of the solid volume fraction from a linear profile, manifested by coefficients of Boussinesq type;
• dynamic assumptions by which, in particular, the stress vector on the free surface is negligibly small.
These approximations are next used to exploit the local mass balance equations, the normal momentum balance equations, and the depth-integrated mass and tangential momentum balance equations, in which the interaction force is given by an ad-hoc closure relation that we have taken from Schneider and Hutter [25] . Proposition 7.1 collects the emerging equations, that stand for the determination of the depth-averaged solid volume fraction, depth-averaged tangential constituent velocities and free surface height, as soon as closure relations for the mean stress tensor corresponding to each constituent are given. Section 8 is devoted to the formulation of these closure relations. Thus, one constituent is supposed to be a Newtonian/nonNewtonian fluid with small viscosity and experiencing bottom friction. If the viscosity is sufficiently small, only the basal shear stress survives in the tangential momentum balance equation, and this is parameterized by a viscous law with a constant friction coefficient. The other constituent is a solid subjected to basal friction of Coulomb type. Moreover, for its bulk stresses three models are proposed. Common to these models is the assumption that two of the principal directions of the mean stress tensor are aligned with the principal directions of the mean surface stretching. What differentiates the models is the statement on the eigenvalues of the mean stress tensor. The simplest case is envisaged by Model 1, which, apart from negligible terms, reduces to the inviscid fluid. Model 2 is an adaption of the Iverson and Denlinger model [9] to arbitrary topography. The most general model is Model 3, which constitutes an adaption of the Savage-Hutter model [24] to arbitrary bed surfaces, and hence of Mohr-Coulomb type. Proposition 8.1 indicates the governing equations corresponding to these three models of a solid-fluid mixture flowing on an arbitrary topography. Finally, in section 9 the conditions satisfied by the solid volume fraction and avalanche depth at equilibrium are deduced, and particular cases of them are discussed. Numerical simulations using the models proposed here are relegated to further papers.
Appendix. Here we prove Proposition 7.1. In doing so, we closely follow the proof of a similar proposition stated for the case of a single phase, see Appendix A in Luca et al. [11] . Thus, we start with the normal momentum balance equation (4.9) corresponding to the solid constituent, which under the scalings in section 6 and assumption (6.10) 2 emerges as Integrating the preceding equation from ξ to h(ξ,t), with the aid of the boundary conditions (6.9), which appear as which is deduced by first integrating by parts and then by using (A.5) 5 , (A.3), (6.2), the integration of (A.1), (A.2) from ξ to h(ξ,t) gives the true pressures as
(A.6)
The mean values of the pressures p s , p f are then given as in (7.5) by noting that
and that
and a similar relation with u instead of v, hold. We now refer to the depth-integrated mass balance equation (5.1), in which the integrands are evaluated up to terms O(ǫ 2 ). So, with the aid of (6.6) and (6.2) we obtain and hence (7.6) follows. Now, we pass to the depth-integrated tangent momentum balance equation (5.2) and evaluate the integrands up to order O(ǫ 1+γ ). The first integral on the left-hand side of (5.2) has already been determined, see (A.8) 2 . So, we refer to the integral under the divergence operator and notice that, with (6.6), (6.2), (6.3) 2 and p s = p We next examine the second integral on the right-hand side of (5.2). Thus, by making use of (4.4), (6.2), (6.6), (A.13), (4.5) 2 and v = O(ǫ), we obtain 
